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Abstract—The distortions within beams and rods undergoing large displacements and rotations are here
derived from three-dimensional elasticity by an asymptotic procedure. This procedure, based on the
premise that strains vary more gradually along the rod than in transverse directions, takes full account of
the shape of the cross section, the traction conditions on the lateral boundary and of any material
anisotropy. The manner in which it generates a hierarchy of sets of rod equations is outlined. In the
fundamental set, the distortions over each cross section are the anti-clastic curvature and warping
associated with the St.-Venant semi-inverse solutions for bending and torsion, suitably corrected to allow
for large rotations. The corresponding equations governing the rod configuration are Kirchhofl’s equations,
with bending and torsional rigidities computed from the St.-Venant distortions. The procedure gives some
three-dimensional substance to elastica theory, relating the constitutive assumptions to three-dimensional
elasticity. It gives also a logical procedure for obtaining higher order corrections to the theory, and shows
how St-Venant's hypothesis concerning details of end loading arises naturally.

1. INTRODUCTION

In an attempt to derive useful information concerning elastic deformations involving large
displacements, numerous authors have turned their attention to deformations of rod and beams.
These are considered both for their practical importance, and because well established
approximate theories are available[1-3], based on linear elasticity but presumed to apply to
large displacements.

Many approaches exist. Besides the essentially approximate methods such as elementary
beam theory, in which plausible relationships between curvatures and resultant moments are
postulated, there are methods involving expansion in powers of the lateral coordinates{4].
These series must be truncated—a procedure whose physical, as opposed to mathematical,
implications are not always apparent. For this reason, asymptotic descriptions[5] of rods are to
be preferred even if in some cases they generate identical equations.

The aim of any theory of rods or beams is to characterize the deformed configuration of a
slender three-dimensional body by a single curve (the curve of centres) and certain parameters
recording material orientation relative to that curve. The three-dimensional elastic constitutive
law is replaced by expressions for resultant forces, moments and generalized moments in terms
of extension, curvatures, torsion and the remaining parameters. Each resulting theory must
necessarily be approximate, although its accuracy should increase as the representative scale of
distance along the axis of the rod increases relative to a typical diameter of the cross section.
The present approach takes this requirement as paramount, and postulates that the distribution
of deformation gradient over each cross section varies only gradually with axial distance. The
variation over each cross section is not specified in advance, but is found by the solution of a
sequence of two-dimensional problems which can fully take into account any material aniso-
tropy and inhomogeneity, as well as the traction condition over the lateral boundary. The
resulting theory describes deformations of rods and beams suffering small curvature and
torsion, but finite displacements and rotations.

In the basic approximation, the equations describing the curve of centres are formally
equivalent to Kirchhoff’s equations{1] for an initially straight rod, with resultant moments
linearly related to the curvatures and the torsion. Moreover, it is shown as a logical step in the
iteration procedure that for a wide class of materials, including isotropic materials, the bending
and torsional rigidities required by elastica theory are those appropriate to the St.-Venant
semi-inverse solutions for pure bending and pure torsion. Although this has been widely held to
be the case, the author is aware of no consistent generation of the result. Thus, this basic
approximation gives some three-dimensional substance to elastica theory, and shows how the
distortion of any cross section from the plane normal to the curve of centres is described to
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first approximation by St.-Venant’s solutions. This generalizes Ericksen’s recent result[6]
concerning thin rods in helical configurations. In such configurations, the curvatures and the
torsion are constant along the curve of centres, and Ericksen shows that small strain theory has
exact solutions in which the distortions are given by St.-Venant’s solutions suitably corrected to
account for finite rotations. More generally, when the curvatures and the torsion vary gradually
along the rod the distortion is given approximately by the corresponding St.-Venant solutions.
This idea is partly incorporated in a recent paper[7] by Hegemier and Nair.

Continuation of the iteration procedure will yield theories of successively higher orders, and
moreover will generate a procedure for relating the coefficients in such “director theories” to
three-dimensional elasticity. It also highlights the fact that a rod theory is only an “outer”
approximation in some asymptotic scheme—and that the boundary layer solutions required at
the ends of a rod are solutions consistent with St.-Venant’s hypothesis.

2. REPRESENTATION OF THE CONFIGURATIONS

We consider elastic deformations of a rod, beam or tube defined by the region X&
D x(0, L) of material coordinates X;, X5, X;. In the unstressed reference configuration X
coincides with cartesian coordinates, and D denotes a connected region of the X, X, plane.
Without loss of generality we scale coordinates so that a typical diameter of D has unit length.
Then L is large since the rod is slender. A deformation is described by X — x(X), where x is the
vector of current cartesian coordinates. The deformation gradient p = dx/3X has components}
py = 9xJ8X;, whilst the Cauchy-Green strain tensor is G = p’ p. The stored energy density may
be written as EW(p, X), where W{Hp, X) = W(p, X) for all proper orthogonal matrices H, and
the explicit dependence on X allows for material inhomogeneity. Alternatively the energy
density may be written as EW(G, X). In either choice E is a characteristic elastic modulus
having the dimensions of stress, so that the Piola-Kirchhoff (engineering) stress is

W
ET—EB-; (1)

where the components T; = 9W/ap; of T are non-dimensional.
The equilibrium equations are

My pos_o ;
an+Eft 0 in Dx(@O,L), 2

where p, is the density in the reference state and f is the body force per unit mass. The lateral
boundary conditions are

TuN.=E'g; over éDx(0,L) ’ 3

with g the traction per unit undeformed area and N the unit outward normal to 3D, whilst the
boundary conditions over the ends X, =0, L are for the present left unspecified.

When W is independent of X; and £, g both vanish, eqns (2), (3) possess solutions with
3G/3X3=0, so that G=G(X,). These are helical solutions in which each cross section
X3 =constant has a similar distorted shape related to two parameters specifying the helix into
which the reference fibre X, = 0 is deformed.} For suitably small E~'pof and E~'g we anticipate
that deformations are small perturbations from, and gradual modulations to, such helical
deformations. An appropriate analytical procedure will be presented in a subsequent paper.
However, in many practical situations, although the orientation may vary appreciably along the
length of a rod, the curvature and torsion are small quantities. Consequently each distorted
cross section approximates to one in which not only G, but also the deformation gradient p, is
independent of X;. Thus, we look for deformations in which p varies with X; only through
dependence on the “long scale” variable Y = eX,, for some small parameter €. To represent

1Throughout this paper Latin indices range over the values 1, 2, 3, whilst Greek indices range over the values 1, 2.
Summation convention over repeated indices is used.

1See Ericksen(6]. Such helical solutions exist also for some distributions of body force and surface traction which,
relative to each cross section, are independent of X;.
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such deformations we may write
x=r(X3)+HYu(X, Y), HH=I Y=eX, @

with u(0, Y) = 0. The curve x = r(X5) then represents the deformed shape of the reference fibre
X, =0. If it has unit tangent e = e(Y) and stretch a = a(Y) = [dr/dX;| which vary only on the
scale of Y, we have

r(Xs)=a(Y)e(Y)=H(Y)m(Y) where m=(0,0,a)T

when e is taken to be the third column hy; of H. This, together with e, = hy; and e, = hy, forms
a right-handed triad of unit vectors which rotates with Y so that

dﬂ% = H(Y)= eH())(Y), H+87=0 )

for some skew-symmetric matrix . We then identify #,(X,, Y) as cartesian coordinates of
points of a distorted cross section relative to the triad e, e,, e at corresponding Y (see Fig. 1).
Consequently the deformation gradient p has components’

Pia = H,-;u,-,a y Pi3= H,-,(m; + Eﬂ]kllk + eu;y)=aHp + GII;;(Q”,M,‘ + u,,y)
from which the rotation H may be factored out as
p=Hq, Gu=li., q3=ads+e@uy+uy). )

In deformations (4)-(6), the orthogonal matrix H varies only on the scale of Y = €Xj, so that
the curvatures and torsion are small. Moreover they vary only gradually. Thus the parameter €
typifies a curvature or torsion of the rod, and ! is a length over which orientation varies
significantly. A suitable numerical value for e will depend on many features of the loading of
the rod. However, it is clear from (2) and (3) that deformations can have the form (6) only when the
resultant of the loadings E 'pf and E~'g over any cross section are at most O(e). In
deformations largely determined by body forces and lateral surface tractions (e.g. beam
bending) this means that ¢ may be chosen as a typical value of (resultant load)/E. For
deformations determined essentially by end loadings (e.g. a strut under compression), € is more
simply chosen as a typical curvature, torsion or strain.

'With little loss of generality we set

E'pd=ef(X,, Y), E'g=ei(X.,Y),

Fig. 1. The orthogonal triad e,, e, e at typical cross sections X,, showing the coordinates #; of position
relative to the point on the curve of centres.

tA comma preceding a subscript denotes partial differentiation with respect to the variable indicated.
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so excluding only those situations in which pointwise external loads greatly exceed the average
loads on any cross section. Then (2) and (3) become

‘;; =~¢f(X,, Y) in Dx(,L), )
TiuN. = €8(X,, Y) over aDx(0,L). ®

Since W(p, X) = W(q, X), the stress T may be written as T = Hr, where

W _ oW 1%
7p T=H~r H—q so that f—ﬁ 9

Thus r = r(X,, Y) for homogeneous materials. Also we may allow inhomogeneous materials
provided that any explicit dependence of W(p, X) on X; may be written as dependence on the
long scale variable Y = €X;. In terms of 7 eqns (7) and (8) become

07y 2 ;.
e+ e(ﬂ,-m,+3§‘73)= ~eHf, in Dx(0,L) (10)
N, = eH, over DX (0, L). (11)

It is clear that the limiting forms e —»0 of (6), (9)«(11) describe “cylindrical” deformations
q=q(X,) (plane strain, plus axial extension and shear) compatible with zero body force and
vanishing tractions over the lateral boundary. We shall use these to give approximations to the
distortion u(X,, Y) of each cross section.

3. THE PERTURBATION ANALYSIS
Let q = q*, u = u* be solutions of the limiting form ¢ -0 of eqns (6), (9)«11), namely

Qa=ula, dn=a(Y)ss, ,*:%V;, W=W@g* X, Y)
Tma=0 in DX(0,L), ruN.=0 over aDx(0,L). (12)

Since (12) contains no derivatives with respect to Y, any Y dependence may be treated as
dependence on a parameter. Also, since

x3=H(Y)n(Y)=a(Y)e(Y)

each solution corresponding to fixed Y describes a deformation by which the cylinder having
cross section D deforms into another cylinder having axis parallel to e, when subjected to axial
stretch a. Details of u*, q* and 7* depend on material anisotropy and inhomogeneity, but it is
shown in Section 4 that u*(X,; Y, a) is the solution of a variational problem over the
two-dimensional region D, and that the resultant load over each cross section is axial and may
be written as

e f f rmdA=eF*a), dA=dX,dX,.
D

Solutions to (6), (9)(11) may be sought in the form

=u*X,; YV)+ei(X,;Y), ¢q=¢*X.;Y)+ed(Xa;Y)
(13)
r=r*X.:Y)+e#(X.: Y), a=a(Y), Q=K8QY),
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so that the distortion of each cross section is closely approximated by a solution u* of (12) for
appropriate Y, appropriate stretch a and rotation H.

By inserting (13) into (10) and (11) and using (12) we find that
* * A

P = — (Hify + Qs+ 1i3.v) — Qs + 33.x)

in D x (0, L), with boundary conditions
TiaNa = Hggy(Y)

over dD x (0, L). Also, following Toupin and Bernstein[8],  may be expanded as

. oW W . 1 . A
1-:-',-‘ +efy = -521-; = m+ €Cyiqu + 3 €CiigtmnGueonn +  *
50 giving
R . 1 P
Tij = Cogaaqu + Efciiklmnqqumn +...
where
C __,_'aZW = Cuj C; =—ﬁ—1—azw etc
ikl aq“aqu klif » ijkimn 3q.~i3quaqm’ .

Alternatively ¥ may be expressed in the form
Ty = Cpuu + €Ny(l, u*, X, Y, a) (149
where A}; is the nonlinear function of @, u* and their partial derivatives having the value
Nij= e Hri(q* + eq) - 'r',-'; ~ €Cijuudu}.
Then, from (6) we have
Qe =l  Gn=Quu} +uly +e@ui; + dy),

which may be used with (14) to give
d . d 2
3 (Cakslitg) =~ 53~ {CiaksQmt® + ury)} - (Hif; + Qurfy + thy)

— e[ Qutn+ sy + 55 W+ Cussaniin + 1)}
=-Y(X,;Y) in Dx(,L), (15)
with boundary conditions
CiakgliesNa = = Ciats(Qimit® + Uk y)N, + Hg,

~ €{Nia + Ciars(Qimllm + i,y )} N,
=7/(X,;Y) over aDx(0,L). (16)
To analyse the structure of eqns (15) and (16) we make the following observations. Suppose,

for the moment, that Y and Z are known. Then, like (12), these equations involve no derivatives
with respect to Y, and so Y may be treated as a parameter. Moreover, (15) and (16) are the
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linear elastic equations for small displacements u*—>u*+ eii superposed on the (possibly
inhomogeneous) cylindrical deformation q*(X,, Y), and caused by “fictitious” body forces eY
and surface tractions €Z which, like @, are independent of the axial coordinate X,;. Hence
functions 4(X,, Y) may be visualized as displacements in a cylinder in which all cross sections
are distorted into congruent surfaces. The deformations are the combinations of plane strain
and warping which would result from force distributions €Y and €Z, and consequently exist
only when these fictitious forces are in static equilibrium. Specifically, the resultant load over
each cross section and the moment about any axis parallel to e must both vanish, so giving

” YdA+é Zds=o, (17)
D aD

f L W Yy-ulY) dA+fD(u7‘z,- W}Z)ds =0. (18)
8.

These give four equations connecting a(Y) and the three independent elements of Q(Y) which
otherwise would appear to be arbitrary in (15) and (16). Their detailed form follows from
substitution for Y and Z from (15) and (16), and is

Hh(ff fldA+§ £ ds)'*'ﬂilff ('rf;+eﬁ3)dA+ad? f (’r};+eﬂ3)dA =0
D D D D
e""{IID utH; dA + fw ut Hyg ds} = e IL @ Cuaks(Qmut 5+ U ) dA
.‘IID €3 {ut(ﬂlﬂ:‘! + 7'?3']/ + Eﬂ‘ﬂ"j;“" €7A'13.Y)

= €qhalNia + Ciaj3(Qmilm + ;y)]} dA, (19)

where ¢ is the alternator.
The first equation is no more than the equilibrium equation connecting the external load
€HL and the resultant stresses HF, since it may be rewritten as

& (HiF)+ HyLy =0 @)

where

F,a” 7.-3dA=e'F*(a)+eff T dA,
D D

eL, = eH, ”Df, dA+eH, fw g ds.

Following Love[1] we call F the stress-resultant and L the force-resultant, the components
being resolved along e, e, and e. Likewise, if we use K* and eM* to denote the stress-couple
and the externally applied couple-resultant each calculated in the approximation u=u*, and
defined by

K?Iem IID u}'-r,,gdA
eMT-em,{e pru}"H,,f, dA+e§D u Hudr ds},
a.

we find that the left-hand side of (19) is a determinant which may be identified as M3(Y). Thus,
(19) expresses the equilibrium between M 3 and certain moments associated with the bending
and torsion of the rod.
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Equations (19) and (20) are compatibility conditions arising from the system (15) and (16) for
. They are exact equations applying to the functions &, u* in (13), and together with
H'(Y) = (Y)H(Y) govern variations in the orientation H and stretch a of the rod, so that the
configuration

X,
KXy =€ j a(n)e(n) d1 @1)

may be found. In practice we solve (19) and (20) only approximately, by inserting approximate
expressions for G obtained from (15) and (16) either iteratively or by power series expansion in
€.

4. THE REFERENCE DEFORMATIONS ¢*

The non-linearly elastic solutions u* to (12) are simply classified (see Ericksen[9]). In each
deformation satisfying (12) we may write

W(g*, X, Y)= W}, X.; Y, @)

and then notice that the governing eqns (12) are the Euler-Lagrange equations and the natural
boundary conditions which must be satisfied if the “cross-sectional energy”

E= f fD W, X.; Y, a)dA 22)

is to be stationary subject to specified Y and axial stretch a. Thus, solutions u* are functions
which make F take a stationary value E*(Y, a), and we anticipate that those functions which
minimize E describe the preferred distorted shapes of the cross sections.

The corresponding stress-resultant is parallel to e for all material behaviours W(q*, X,, Y).
To show this we use

0=enqirh = eu(U]aTh + adpris)
which follows from the symmetry of the Cauchy stress tensor (det p)~'Tp”. By integrating over

any unit length D x (X, X + 1) of the rod, and using both the divergence theorem and (12), we
obtain

g H rhdA=0
D

which gives

U P dA=0.
D

Consequently the stress-resultant has the form F* = eF*(a), and moreover is related to E* (see
(6], [9]) by

F*a)= f fD % dA = 3E*|a. 3)

Referring to (20) we see that F*(a) is O(1) if L is O(1), and that in this case the rod deforms
essentially as a string subjected to loading eL(Y). For example, if  is purely gravitational and §
vanishes, the rod hangs as an extensible catenary, with the O(e) term in F; introducing effects
of small stiffness such as those computed in [10). Consequently F* and a — 1 need be treated as
O(1) only when the rod behaves essentially as a string with small stiffness. The more interesting
static problems of rods and beams arise when L, F* and a—1 are small, so that the
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stress-couple at any cross section is no less important than the stress-resultant. For this reason
we confine attention in the paper to rod deformations and choose € so that = O(e) and
q-1=0(¢). Thus, by taking q* =1 we characterize rod deformations as those having dis-
tortions which are small deviations from the rigid body displacements which align the coor-
dinate axes along e;, e; and e.

The choice g* =1, 7* = 0 reduces eqn (19) to

M3 = e f[ Ciax:upXp dA + Ofe).
D

Since we expect bending and torsion to be possible without such a large couple-resultant, this
implies a preferred choice of axis X, = 0. For simplicity we restrict attention to materials which
are homogeneous over each cross section so that dcyu/dX, =0. Then the O(1) terms disappear
from M7 if, as is conventional, the reference line X, = 0 is taken as the axis of centroids of the
cross sections D. Also, since L and M} are O(e) we lose little generality by taking f and g as
O(e) in the following analysis.

5. ANALYSIS OF THE DISTORTIONS OF THE CROSS SECTIONS
When we take reference deformations with u; = 8,X; and g3 =1, we must allow some

axial extension in e§. Consequently, we set a =1+ €d(Y) in (6) and (21) and incorporate a
contribution 4é;; into ;3 in (15) and (16) and all succeeding equations, so that (6) gives
Gia =lin >, Gn=dds+ ﬂiBXB + €l + i v). (24
Thus, eqns (15) in D become
& (Cotpling) = — o {Curs 8Bt + QaXa)} — Hif
aXa iakB¥%k.p aXa iak3 k3 B U j

A sy s d A s Lo
- E[Qiﬂ'is + Tyt EZ{M" + Ciak3(Qimblm + uk,Y)}]’ (15)

The boundary conditions over D are obtained similarly from (16) and are
Ciakplit,sNa = — Ciaka( @83 + Qe XN, + Hiy — €{Nia + Ciaks(Qiomblms + i, v )} Noe (16")

These are to be solved for @ and 7, which are then used in evaluating the stress-resultants
Fi=€ﬁ}-‘-—_—€J.[ figdA
D
which occur in (20). Since this reduces to

_‘_i_g & _ T_ﬂ_ BN = _ 1
dY+ﬂF—H gy EH=-¢"L,

we may introduce the components of by
0 -y B
=y 0 -« (25)

and obtain

A

dF, A
d-)—}_ ‘YF2+BF3+ E—lLl =0
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dE -
E}+ ‘)’ﬁl“'qp3+€ 1L2=0
g;’ ~BF +aFy+€e'L;=0 (26)

which, apart from a change of notation, are the equilibrium equations used by Kirchhoff (see
(1], p. 387).

In (25) and (26), ea/a and eBla are the conventional curvatures x and «’' whilst ey/a is the
torsion of the rod (a =1). Together these measure the rate at which e, e; and e rotate as Y
increases.

The aim of this paper is to justify the usual assumptions concerning F by considering (15')
and (16). Specifically we show that unless the rod behaves essentially as a string or bar in
tension or a bar in compression, with F= Fye = dAe, then F is not functionally related to  and
d. It is the first approximation €K to the stress-couple K* which is related to € in the basic
approximate constitutive law.

The eqns (15') and (16') for @i may be split into three parts, each of which corresponds to a
self-consistent problem of the type (15) and (16). We write

i=d+el+ev, q=I+eG=I1+eq+{+q), r=€ef=€er+e(F+%) 27 -

where the dominant contribution @ to i is a solution of

] _ 9 4 0 i
ix. (Ciakglir.g) = T, {Ciak3(d0i3 + MugXp)t in D

(28
Chkpﬁk‘pNa = - c,-,,u(éakg + ﬂkpo)Na over 4D.

In (28), the right hand sides represent a distribution of fictitious force which is self-
equilibriating because X, = 0 is chosen as the line of centroids.

Alternatively, since Jig = kg, g3 = é&,,3+ﬂk,,XB is the limiting form of (24) as € >0, the
distortions & corresponding to each choice £ and d are those predicted for helical configura-
tions by small strain theory (Ericksen[6]). They are discussed further in Section 6.

The contributions el at any Y are those induced directly by the external loadings f and g,
which themselves are O(e). These loadings are not usually self-equilibriating—but have
resultant HL and axial moment M%e. Consequently, if A is the area of D and

CEI]D(X|2+X22)dA

is the second moment of area about the axis X, =0 we can obtain a compatible system of
equations by writing

a% (ciakﬂﬁk_ﬁ) = - E—l{I{iifj - A_IL,'}‘l" e"e;,-,-X;M?C" in D

s (29)
Ciakplli pN. = € 'Hyg; over aD.

The choice A7'L;+ e;;X;M3C™" is just one of many possible fictitious force distributions
having the required resultant and moment, but any other sensible choice will cause only O(¢)
differences in €. The functions & describe cylindrical distortions which account for the details
of the loading distributions. Moreover, they vanish (l = 0) when the body forces are uniform
(like gravitational forces) with f= A"'"HL, M¥=0and §=0.

Since (26) shows that

Li=—e(@F; + Fiy) = — eAQii(in) + (3.9 ),

where (f) denotes the mean value over D of any quantity f, the third contribution ev is
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governed by
a—;*‘ (CinkgVkp) = — 33 Xje " MEC™" = Q73— () ~ (Finy — (Fis.y))

—a% {Nia + Cloks@imiim + iy)} in D (30)
CiakgVkNa = {Nia + Caks(Qiomlim + i, v)}N, over 3D.

Since (28) and (29), like (15') and (16"), are self-consistent systems, so also is (30). Unlike (28)
and (29), which are linear in @ and @ and correspond to deformation gradients and stresses

Gia = lpar Gin= 003+ 0Xp; 5= Cyudu o1

Ga=liay d33=0; 7= cylu = Cljpaia »

the system (30) is non-linear in v. Moreover it involves the function @ and 8, since (14) and (25)
imply that

i = CyaGn + Ny(@), Gio = Vi G3=0, G=10+e(@+v). (32)

However, v enters the right hand side of (30) only through terms which are O(e), so that it
appears feasible to construct solutions either by iteration or be expansion in powers of e. The
form of the distortions i then becomes clear. Since @ is linear in 4 and the three independent
elements of €, the first approximation to v involves derivatives of these with respect to Y.
Each successive iteration introduces a higher derivative, but also a corresponding extra factor
of . Consequently, when # = 7 + e(¥ + #) is substituted into each F; in (26), and also into (19) to
give a further scalar equation, the right hand sides involve successively higher derivatives of
and 4 multiplied by correspondingly increasing powers of e.

The iteration will not terminate naturally. In elasticity the stress-resultant eF at one cross
section will be affected (perhaps minutely) by  and 4 at any other value of Y. However, as
€ >0 the dependence becomes ever more localized in Y. The first approximation & =i of our
procedure may then be regarded as the first term in an ‘““outer” expansion for the distortion of
cross sections. Subsequent iterates produce terms which give higher order corrections. Cor-
respondingly the rod configuration is obtained as an outer expansion arising from substitution
into (26) and (19). The lowest order terms are found to be Kirchhoff’s rod equations. Obviously
such expansions do not apply near the “ends” of the rod, where “boundary layers” or
“transition regions” must occur. These are described by deformations which exhibit St.-
Venant's hypothesis, and may be analysed using Toupin’s approach[11] (see Section 8).

6. THE DISTORTIONS @

To solve (28) for the dominant distortions @ we first consider isotropic materials, for which
standard results are readily available. Then the linear elastic constitutive law (31) for 7;
becomes

Ty = ASyGmm + 1 (Gy + Gy)
where A, p are the Lamé constants non-dimensionalized with respect to E and 7= 77 is

indistinguishable from a Cauchy stress. Substituting for 0 and G from (25) and (31) we see that
(28) reduces to

é _ _ 7] - " a .
X, (Allyq +2pid1,1) +;,j(‘2{lt(ll12 + i)} = ~X, {A(-BX1+aX;+d)}

a . _ a . - a o
X, {nli 2+ @)} + X, (Ao +2pdly0) = "X, {A(-BXi + aX, + 4)}



Analysis of large deflections and rotations of elastic rods mn
d " ] .
. + —— = 0,
8X| (”'uS,l) axz ("'u3,2)

with appropriate boundary conditions.

Solutions are unique when the conditions @ = 0, &, = &, are imposed at X, = 0 to eliminate
arbitrary translations and a rigid rotation about the cylindrical axis. We note that #; does not
occur in the first two equations, and has the form &; = y¢(X,) where the harmonic function ¢
is the standard warping function for the cross section D.

To analyse the distortions fully we find it advantageous to introduce the Prandtl stress
functions 6;(X,, Y) for which

Fia = Ciakpllk + Ciat3(d8k3 + MXy) = €agblp in D, (33)
where e,g is the alternator. Without loss of generality, the boundary conditions may be taken as
6=0 on 4D. 34)
For isotropic materials the definitions of 7, then give
u(l@z = yX) =032,  plilsa+yX1)=—63,
from which ii; may be eliminated to give
V.20;=-2uy in D, 6;=0 on 4D. (35)
Hence 6; = uy¥(X,), where ¥ is the classical torsion function for D. The corresponding
warping is @ = y$(X,) where ¢ is the harmonic conjugate of ¥ +3(X*+ X,2).

The remaining equations are

AIZ,,,,, + 2/.Lﬂ1_] + A(_ BXI + aX2+ d) = 011
w2+ dz3)=—01,= 62
Aﬁa.a + 2[“72,24' A(— BXI + aXz + é) = - 02‘1.

When the Airy stress function x(X,) is introduced so that 6, = x,, 6,=—y, and the i,z are
eliminated, we obtain V,'y =0 in D with y =0, dy/on=0 on aD. Consequently, 4, =0
throughout D so that

== 0(BX1—aXo-8)=~0Gss, d12=—1lIy,, (36)
and the distortions satisfying i, =0, &, = i, on X, =0 are
12, = 0’{—' aX,X2+ % ﬂ(X|2— Xzz) - dX]}
= o'{%a(Xlz - Xzz) +BX1 X~ dXz}
where o =3A(A + u)~! is Poisson’s ratio. Thus we find that the distortions @ at any cross section
are the linear combinations

(X, Y) = aw®(Xo) + BwA(X,) + yp(X,) + de(X,) (37

of the displacements ¢, ¢, w'® obtained from St.-Venant’s semi-inverse solutions for extension,
torsion and bending. The extension ed, twist ey and curvatures ea, €8 associated with bending
about the X; and X, axes may vary with Y. They are constants in the special case of helical
configurations discussed by Ericksen[6].
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The preceding analysis is readily modified to apply to any anisotropic material for which
planes X; = constant are planes of structural symmetry. For these materials the value of W is
unchanged when §,; is replaced by — §,3, and all elastic moduli ¢;y which contain the index 3
an odd number of times are zero. Also, since 7; = c;udy is a linear elastic constitutive law, 7 is
symmetric so that c;u = iy = Cui- Although such solutions may be found in Love[1] (p. 345) and
Ericksen[6], the present author believes that use of the stress functions 8; better reveals their
structure.

In uniaxial tension with extension §s; = 4, the stresses are

Tap =0, Ta3 = T30 =0, T3=d

when E is chosen as the Young’s modulus for uniaxial stress. The general corresponding
deformation gradients are

qaﬁ = dKaﬁ + seaﬂv QaS = q3a = 0: q33 =da

where K,z = Kg,. The arbitrary parameter & allows for rotations about the X; axis, whilst the
symmetric matrix K describes the Poisson contractions. We notice that in isotropic materials
for which K, = — a8, the solutions (36) have the form §.p = — 0'4338,s + €,5p(X,). Thus, each
fibre X, = constant undergoes Poisson contraction appropriate to 7,s =0, but undergoes a
rotation p sufficient to satisfy the compatibility conditions gy = days-

We seek similar solutions 6, =0 to (28) in the present case, with g3 = — vX, §n= yX\,
G = d — BX, + aX; as before, and so propose that

Gop = G33Kap + €app (X), X2). (38)

It is then easily verified by substitution into (31) that 7,5 =0, so that the assumed form (38) is
compatible with 8, = 0 for all choices of p(X;, X5).

Using §s1=-B and §s3,=a, we find that the remaining compatibility conditions are
satisfied wher

p = (aK; + BK 1) X + (aKa + BK2) Xa,

1 N
i = a(KuX Xs+ KXo - 3 B(K1 X2 — Kn X))+ 4K X,
= —% a(Ku X KoX) - BK X2+ KnX X)) + GKouX.. (39)

The distortions (39) describe anticlastic curvature and Poisson contraction, and are independent
of the torsion parameter y. Thus the torsion solution is a pure warping with i, =0, &; « y.
The stresses 73, = 7,3 reduce to the forms

Fia = Ta3 = C3a38G38 + C34930p3 = Lag(ils g — v€55X5),

where L.s = Lg, = C1.35 are the shear moduli used by Ericksen[6]. Since 7, = e,30:4, the
stress function 6; is determined from

( 052 ) - (Ln le)(ﬁs,l - ‘sz)
— 83, Ly Lp/\i2+ vX,
in D, with 6; = 0 on dD. When we write 8; = y/(X,) and eliminate ii; we find that ¢(X,) satisfies

Ligbos=Luu+2Lpyp+ Loyn=-2A in D
=0 on aD
where A= Ly Ly — L;Ly. The corresponding warping function ¢(X,), for which i; = y¢, is

(40)
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then readily found from

$.1= X2+ A Lostha, S2=—-Xi—A7'Lia¥, .

After suitable rotation of axes and rescaling of coordinates, the eqn (40) may be put into
canonical form ¢ xx + ¥ yy = —2. Consequently, the stresses 7,3 and warping ¢(X,) are simply
related to those of an isotropic rod having cross section which is an affine stretching of D.

For materials having more general anisotropy the equations for 6;, 6, and 6; will not
generally allow solutions 8, =0. However, distortions will still have the form (37) with the
bending and torsion functions w*, ¢ determined as solutions of the three coupled second-order
equations (28) for u. These equations have constant right hand sides, since gy is linear in X
and X,, but displacements 4, will not generally be quadratic in X; and X,. To Of(e), the

stress-resultant €F and stress-couple €K will be linear in d and the components of

7. DERIVATION OF THE ROD EQUATIONS

For the materials considered in Section 6, with distortions given by (39) and (40), the stress
resultant is F = €F, where

Eﬁ”pf,;dAn[Le,,%dAw

Fy= [ [D TdA= I L (€330pGap + C13d33) dA

- [ L (C5306K o + C3533)053 dA = f fD (- BX,+aXy dA
= Ad.

(Recall that stresses have been non-dimensionalized with respect to the Young's modulus E.)
Reference to (26) then shows that if L # O(e) the rod behaves like a string or bar undergoing
small extension. In such cases the configuration is determined essentially by

a-d;;(ﬁse}+E"L=0, ee=1, :{, e'e(Y),

which follow from the approximations F, < F;, a=1. To this approximation F; arises as a
reaction to the constraint e e = 1, and causes an extension ed = A~'eF’. These equations are the
basis of theories for an extensible string and for bars and columns under compression.

More general deformations of rods correspond to L =0(e?) and ed = 0(e®), so that all
components of F are O(e?) even though 7= O(¢). This might suggest that, to determine rod
deformations, we need find # and at least one iterate for 7 in order to evaluate non-vanishing
approximations to I for substitution into (26). However, standard considerations of equilibrium
and standard treatments of beam bending indicate that such calculations may be avoided, and
that the stress-resultant eF is related to the exact expressions

Lf(,-:eﬁ,-se;,-k{e[f u;H,gf}dA+e§ u;H;kg‘}ds}
D 8D
K,' = EX.‘E iik II Euf;u dA (41)
D

for the couple-resultant M and the stress-couple K. We shall now show how approxnmatlons to
this relationship are generated naturally, and how, in the first approximation, eF is not
determined by any constitutive law but is connected to the approximations eM*, €K obtained
from (41) on the basis of u=u*, #43 = f}s.

We exploit the symmetry of rq” which is embodied in (1), (14) and (27), and is not an extra
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restriction. Substituting from (27) we recover 7; =7; and obtain the additional symmetry
condition

Ty + Ty + TuGp = T + T + Taqu + Oe).

Since 7 = cyudu = Cuudu = T the shear resultants are

b= [[ cinda=e [] Gt 70 da

= f ]D (R + Faa + Fallas = Tl + O(€)} dA. 2)

Using (29) and (31) we may evaluate the first term as
e2” fodA= ezgﬁ X.526Ns ds—é” x. %844
D ap p 08X
=€ § X.Hpgjds + € IID X..(H;;f} —A7'L;) dA = eeg, M.
aD
Performing similar manipulations on the second térm of (42) we obtain
e I ID Fia dA =€ [ ID Xu{ha(33— (Fp)) + sy — (v )} A
— 220 = 2 d - 3
= €e()sp IJ’ X.Tg3dA + € ——-ff X, 73dA+ O(e”)
D dY JJp
= % €(spesKs + €2ep, %IEYE +0(€),
because 7g; = T35 = €g,63, and
Ry=- I f (X103 + Xz02) dA =2 f f 6, dA.
D D
Now, from (38) and (39) we have gog = Kop(d + 03,X,) + €050ss¢,6K X, , and, since

f ID X iy dA= e, I f 6,d4 =1 e, K,

we may show that

f [ F160a A = 0.
D

Also, since 7,g = 0, the third and fourth terms in (42) reduce to
¢ j fD (Faar= Fasdis) dA = €1 [ ID Xy dA— ey, f fD Xy dA
= e*Q1,ge,6K, —-12- €0sgea.Ks.
Inserting the above results into (42) we obtain

Eﬁa = €ga (GME b €2ﬂ3pK_3 + 62 %I‘(),‘E) + GZQQpeypK-.y + O(€$). (43)
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In expressions (43) for the shear resultants, the approximate stress-couples are related to
by the formulae

IZ,=2”Do,dA= yf DZ://dA
R, = ey, f fD XoX, dA = A e0sls, (44)

and so are calculated on the basis of the St.-Venant semi-inverse solutions. They involve the
usual torsional and bending rigidities and the familiar moments and products of inertia I, of

the cross section D. The only influence of anisotropy occurs in the coefficients of (40), and
hence in the torsional rigidity.

Similar manipulations may be applied to eqn (19) giving

eM% = é%e,g I fn {Woa = Xo(Qaifin + 7osy)} dA
=-ées [ fD (05X, 75+ XoFary + O(e)} dA
= XK, - € %I%+ o(e’), (45)
where we have used the symmetry of c;; and the result that

tos f L NoedA=—eop f | (i + O} 4A

=—€.p f ID {F.,;ﬂ,,.,X, + O(€)} dA = O(e).
Equations (43) and (45) may be combined into the single equation

€2 3—}7+ X0,K; + eM? + eesF, = O(6%). (46)

We now revert to physical variables (on the scale of X;) defined by

F*=EF,=eEF, K =¢EK,;=¢EK,;=EK;
L' =€EL, M/ = éEM} = ¢EM, = EM,

and similarly rescale the curvatures and the torsion by introducing the components a«* = ea,
B*=¢€B, v =€y of the skew symmetric matrix 2 =ef}. Then, by approximating (46) we
obtain, using (5), (25), (26) and (44), the complete set of equations

dF?

+ +
T+ O+ L7 =0 @)
dK;'
ax, —_—+ Q.]K] + M + eauF = (48)
dHy
dX Hlek]y HHT =]
K.'= EAQyels, Ki*=2Ey* ] f vdA (50)
D
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which, apart from a change of notation, are the equations to be found on p. 388 of Love[l].
They are the equations for the equilibrium of an elastica and are simplified when the X, and X,
axes are chosen as principal inertial axes of D, so that I,; = I;; = 0. Methods for their solution in
many situations may be found in [1] and [3].

The elastica equations are now seen to be logical approximations to three dimensional
elasticity for slender rods, provided that the strains are small enough for a linear elastic
constitutive law to hold and that external forces are neither so large nor so rapidly varying that
the curvatures and the torsion vary significantly over lengths comparable with the thickness of
the rod. For any material having the symmetry discussed in Section 6, the bending rigidities are
correctly approximated by the assumptions that normal cross sections remain normal to the
curve of centres and are undistorted, whilst the torsional rigidity is correctly given in (50) by
solving a standard torsion problem for ¢. The couple resultant M* is also correctly ap-
proximated by neglecting distortions (but not rigid rotations) of each cross section. When the
elastica equations are solved for Q, K*, F* and H (which must be gradually varying functions of
X;), the extension is found from ed = eF3/A = F;*/EA. Generally this is small, so that the
standard assumption that the elastica is inextensible is justified, and (21) may be replaced by

dr
m = e(eX;).

The actual distortions of each cross section are those of type (37) corresponding to the local
values of the curvatures and the torsion—the extension effects usually being negligible.
Examples showing how standard small displacement solutions may be readily generalized to
situations involving large displacements and rotations will be found in [12].

8. THE END

The results in Section 7 justify the use of the elastica equations (and their various
approximations for beam bending, column buckling, etc.) for any cross-sectional shape and a
wide range of elastic materials and loading conditions. The fact that details of the end loading
cannot be taken into account is usually explained by an appeal to St.-Venant’s principle that
loading details over a portion of the boundary surface becomes unimportant at significant
distances from that portion. Since we have shown how the rod description arises naturally from
a singular perturbation procedure, it is hardly suprising that a search for a “boundary layer” or
“transition” solution leads naturally to such a statement.

Near X;=0, L the deformation depends on X; as well as on X, and Y = eX;. Con-
sequently, near X3 =0 we amend (4) and seek a configuration written in inner variables X as

x = r(X5) + H(eX3)u(X), u(X) = u*(X,, €X3) + ed(X).
Then, with u} = X,3,, as in Sections 5-7, (24) is modified slightly to become
Gia = i, Gn= d(eX3)d3+ ﬂm(EXa)Xp + 3+ Gﬂiiﬁi- (51

The stress e7 also depends on X; so that (10) is replaced by

%{'i_+ eQy(eX)7n=—Hf, in Dx(0,e'L) 52)
]

whilst the boundary condition (11) over D x (0, e 'L) is essentially unchanged. Since f and §
are O(¢), the limiting form of equations (51), (52) and (11) is then

0 in DxO,®), #%N,=0 over aDx(0,%)
1

Ty = Cyulit, Gia = Biar diz= (083 + Qip(0) X + ;5.

Solutions to these may be written as the sum of two parts
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i = (X, 0) +u*(X),

where W(X,, 0) is the combination (37) of St.-Venant semi-inverse solutions appropriate to the
stretching, bending and torsion at Y = 0. Then u® satisfies

15;=0 in DXx(0,), 6N, =0 over 3D x(0,»), T5= Coull iy

and will be a first approximation to the end correction at X; = 0 if we insist that u* >0, r* >0 as
X3« and we impose suitable conditions over X;=0.

Suppose, for definiteness, that the tractions are specified over X; = 0 as 73 = 0:(X,), then we
have

T85(Xas 0) = 01 X)) = Cistallita — Cioes{3(0)8i3 + Qig(0) X}

Toupin{11] in his analysis of St.-Venant’s hypothesis, analyses configurations in which 475> 0
as X;—o and shows that the associated strain energy in X;> [ decays exponentially as /-,
These configurations involve an arbitrary rigid body translation and rotation, which may be
used to set u® - 0 as X;— . Then u°(X,, 0) is uniquely determined, and it can be shown that the
pointwise decay of u® with X; is exponential, with decay rate depending on ¢y, and related to
the lowest frequency of free vibration of a disc having shape D. The decay rate clearly is
independent of e

Knowing u*(X,, 0) we may compute any O(e) corrections to the rotation H(0) and
displacement r(0) of the end. Moreover, since r° is a stress-distribution corresponding to
vanishing tractions over 4D X (0, »), we must have

f f (X0 0 dA=0, € ] ] Xr%3(Xay 0) dA =0,
D D

Thus, to the approximations implied by (47)~(50), the stress-couple K;* = ¢EK; at Y =0 must
equal the moment of the tractions applied over the end.

Note added in proof. The author has recently become aware that Rigolot[13] has developed a similar asymptotic description
for large displacements of slender rods within second-order elasticity theory. Also, in [14], he uses matching of asymptotic
expansions to discuss end effects occurring in a small displacement theory.
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